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1»  SDHHm  ADD  SmtCDUCTION 


Son0  liMqoalitles  on  tbe  ebUMtaristlo  xootc  of  pooltive  definite 
mtrlBQ*  end  of  a&trlseo  derlveid  Siem  then  are  obtainadU  Sene  of  theae 
are  geonralisatlens  of  reeulte  of  Bogr  (1^5'^)  nhlidi  give  upp«r  and  lener 
bounds  on  all  tho  roots  of  the  prodnet  of  tvo  positive  definite  oatrlees 
In  twms  of  tho  mrljran  and  the  nlnlnaa  roots  of  the  factor  a&trioes. 

Tbese  various  results  are  fnod  to  be  useful  in  the  stodr  of  statistical 
problaas  ocnoeming  the  nexmal  aoltivaxiata  dietribution,  and  the  enthore 
hope  t2tat  thsgr  adght  be  osefjtl  in  other  nalbaaiatlcal  statistlAs  loveatlgau 
tlons  alsoe 

Z,  BOUSOS  ON  (SARACISSISTIC  B300TS 

13m  rosulta  are  based  on  the  fbUonlng  theema  fren  Coarant  and 
Hilbert  (1953,  p.  31)  i 

Theeran  2«1  Fbr  any  srsaetrlg  aatribc  A  of  order  p  and  for  any 
i-1  (1  <  1  <  p)  oolnan  vaetcra  (3*1,  •••»  1-1) 

max  iEliJL  >  ah,  (A)  ,  (2*1) 

x«x  * 

x»  •  0 

3*1,  •o»f  1—1 

Here  (A)  >  eh^  (A)  >  >  el^  (A)  are  the  ohareeteristle 


roots  of  A  « 


.2^ 


Lmma  2.1  Let  A  be  a  ayiametrie  matrix  of  order  p,  and  B  be  a 
positive  deXlnlte  matrix  of  order  p  ,  Then  for  any  L-1  (1  <  1  <  p) 
coltian  vectors  (j  =  l,  i»i) 

max  >  ch,  (A3“^)  .  (2.2) 

x’Bx  ^ 

yj  oC  ^  s  0 
j  ®  L»  . • >  j  i“l 

Proof.  There  exists  a  nonsin^alar  matrix  T  such  that  B  »  T’T  . 

Ihen  (2.2)  is  identical  to 

JLit  >  oh,  (E)  ,  (2.3) 

y'y 

j  ®  Ij  . . . «  i»l 

where  y  »  ,  E  =  (T»)“^  Ar^  ,  »  (T’)"^  ,  and  chj^  (AB"^)  = 

chj^  [AlT^  (T®)”^]  ■  chj^  (E)  .  Ihe  lemma  now  follows  from  Theorem  2.1 
and  the  fact  that  (2.3)  is  equivalent  to  (2.1). 

Iheorem  2.2  Let  A  be  a  gnaaetric  matrix  of  order  p  ,  and  let  B 
and  C  be  positive  definite  matrices  of  order  p.  Thai  for  any 
i  (1  <  i  <  P) 


(2.'f) 


chj^  (AET^)  <  chj  (ACT^)  ehj^  (08“’’) 


an^ 

°Vwi  “"p-Wl  ‘^-5) 

for  j  +  k  <  i  +  1  . 


Proof.  Lot  be  the  first  j-1  characteristic  vectors 
of  A  in  the  metric  of  C,  that  is,  (AC"^)  C  ,  and 
let  .,,,  o(  be  the  first  k-1  characteristic  vectors  of  G 

J  JTK-Ki 


in  the  oetr.'ic  of  B  j  that  is,  C  oC 


oh,.^j^  (CB”^)  Bo( 


'i+l  • 


Taeri 


ch^  <AB“^)  <  ch  _  (AB’^) 


max 


x^Ax 

x'*Bx 


x«c<j^  *  0 

h  s»  1,  j  +  k-2 

x*Ax  ,  x’Cx 


max 


x’Cx 


x<Bc 


x*c<j^  =  0 

h*l,  k~2 


x®Ax 

! 

x'Cx 

max 

X^Cx 

1  '  max 

( 

1 

x'Ebc 

^h 

s  0 

x’  oi  a 
n 

i  0 

•  •  »  f 

i  +  k 

-2  h  »  1, 

J  +  k- 

max 

x'Ax 

*  max 

x'Cx 

x'Cx 

x'Bx 

"^h 

*  0 

0 

•  •  •> 

j-1 

h*J, 

J  +  k- 

e  chj  (Ac“^)  ch^  (car^)  , 


To  derive  (2.5)  ,  ee  rq>laoe  A  by  -A  In  (2.4)  to  get 

ehj^  (-AET^)  <  eh^  (-AC-^)  ch^  (CB*^)  (2.6) 

for  j+k<i  +  l,  Mote  t3iat  for  any  oymmatric  matrix  T  of  order  p 

("T)  »  •  ®^p»i+l  *  (A  ®  •••»  p)  *  (2.7) 

How  (2,5)  follows  from  (2.6)  with  use  of  the  relation  (2,7)  , 


Corollflgy  2.2.1  A  Is  a  synaetrle  matrix  of  order  p  ,  and  B  Is 
a  positive  definite  matirix  of  order  p,  then  for  anv  i  (1  <  1  <  p) 


ehp  (B)  chj^  (A)  <  chj^  (AB)  <  chj^  (A)  chj^  (B)  ,  (2.8) 


and  fturtheraore.  ^f  A  Is  positive  definite  ,  then 


ch^  (AB) 
ch^  (a)  chj^  (B) 


< 


chj^  (A)  eh^  (B)  < 


cbj  (AB) 
chp  <a)  ohp  (B) 


(2.9) 


SSSSi*  Af  we  write  Cal  and  replace  B  ty  In  Theorem  2.2  , 
we  obtain 

ohj^  (AB)  <  ch^  (A)  ohj^  (B)  (2.10) 


and 


(2.U) 


“Vi+1  ^  "W 

ftor  J+k<l  +  l,  ^  letting  J  *  i  la  (2,10)  ,  replacing  p  -  i  +  1 
and  poj-i-l  I37  i  in  (2.11)  ,  and  letting  k  «  1  in  both  ,  m 
obtain  (2.8)  ,  When  A  is  also  positive  definite  ,  then  interchanging 

A  and  B  5.n  (2.8)  ,  -ae  obtain 

(ihp  (A)  chj^  (B)  <  (AB)  <  (B)  ehj^  (A)  .  (2.12) 

How  (2,9)  follows  from  (2.8)  and  (2,12)  , 

From  Corollaxy  2.2.1  ,  we  obtain 

ehp  (A)  chp  (B)  <  chj^  (AB)  <  (A)  chj^  (B) 

(1  <  i  <  p)  •  This  result  was  obtained  previousljr  Iv  ^  (195^)  . 

S2TOl;^Sr,Agt,?  isi  A  ^  natrlx  of  order  p  . 

chj^  (A)  (1  <  i  <  p)  is  not  less  than  the  mlnimna  oharaetoristle  root 

of  any  pH|nw^ipai  minor  of  A  of  order  1  , 

£C22&  It  will  be  enough  to  show  that  oh^^  (A)  is  at  least  equal  to 
the  mlninai  charaotezlstio  root  of  A^  »  where  is  the  snbnatrix 
fbmod  the  first  i  rows  and  oolomns  of  A  ,  Let  D  be  a  diagonal 

,d«.  <4 . dj-1  f»  4<l, 


dj  <  1  tor  J  >  1  a  Than  Aron  (2.8) 

chj^  (DAD)  »  chj^  (D^A)  <  oh^  (D^)  tAx^  (A)  »  chj^  (A)  , 

!I!hTUl 


ohj^  (A)  >  lin  ch.j^  (DAD)  . 

dj  — ^5-  0  (3  >  1) 


Kow 


lim  (DAD) 


d^— >  0  (J  >  i) 


» 


idiere  th«  natrtx  Is  partltionod  into  1  and  p»l  row  and  eolatons  « 
Henoe 

chj^  (A)  >  lljn  oh^  (DAD) 

dj— ►  0  (j  >  1) 

■  chj^  (Aj^)  »  Bln  ch  (A^^)  , 


Theoren  2«3  Let  A  and  B  be  two  snaBetrle  matrices  of  order  p  , 
nignJorjmj;  1  (1  <  i  <  p) 


chj^  (A+B)  <  ohj  (A)  +  ch^  (B) 


(2.13) 


iSS  J'<‘k<l  +  l. 

Pyoof*  I«t  o<j^,  ,o,,  b®  the  char2ct©ri8tlc  veebors  of  A 

cozreBponding  to  the  j»l  lai<ge8t  roots,  and  o<  ,  ....  o<.jj.  „  be 

j  jTK-«; 

the  characteristic  vectors  of  B  coiTSsponding  to  the  k«l  largest 
roots  .  Then 

chj^  (A+B)  <  ch^^_3^  (A+B) 


oax 


x‘x 


x'o<h  *0 

h  *  1,  j  +  k-2 


max 


x’Ax 

x’x 


x*o<^*0 

h  ®  1,  • • « , 


oax 


X*  oC.  *s  0 
a 


max 


slM 

x’x 


X- 0(^=0 
h  *  If  •  • « f  j'Hc^»2 


x'Ax 

x’Bx 

x'x 

+ 

max 

x'x 

X®  «  0 


h  *  Xy  « «  n  f 


(2.14) 


chj  (A)  +  chj^  (B) 


3- 


The  iiMqiuilll7  (2.14)  is  6btatnad  £ron  (2*13)  tgr  rsplaetng  A.  and 
B  tigr  •  A  and  -  B,  rsspeetivsly  . 

It  foUom  froa  Ibeoram  2.3  that,  IT  C-A  is  a  positlva  serai-dsflnita 
natrijc  of  ordar  p  ,  then  oh^  (C)  >  ch^^  (A)  ,  i  >  1,  p  [as  given 
h7  Cciozant  and  Hilbert  (1953*  P>  33)]  • 

If  A  az]d  B  have  aoma  comsion  characteristic  vectors,  then  the 
bounds  for  chj^  (AB)  end  (^)  ^  (2*10)  and  (2.11)  and 

the  bounds  fbr  ch^^  (A+B)  and  (A+B)  in  (2,13)  and  (2.14)  » 

respeetiveljr,  can  be  ln^roved.  m  x$articular,  if  A  and  B  have  the 
same  oharaoteristio  vectors,  thwi  eh^  (AB)  «  oh^^  (A)  eh^^  (B)  , 
ehj^  (A’tT')  «  cl^  (A)  +  chj^  (B)  ,  A  condition  for  this  is  AB  =  BA  , 
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